
Stat 61 Fall 2015 HW 6 - due Monday, Oct. 26 by 2:00pm

Readings: 4.5, 8.1-8.5.

1. We have seen that, for Z ∼ N(0, 1), the distribution of Y = Z2 is χ2
(1) (Chi-square with 1

degree of freedom) which is same as the Gamma(1/2, 1/2) distribution. More generally, if
Z1, . . . , Zn are independent N(0, 1) random variables, then Y =

∑
Z2
i follows a χ2

(n) distri-

bution (Chi-square with n degrees of freedom). Note that the χ2
(n) distribution is defined for

any n > 0, so it need not be an integer.

a) Use facts we know about Gamma random variables to show that a χ2
(n) random variable

is also a Gamma(α, λ) random variable for some values α and λ.

b) If X ∼ Gamma(α, λ) identify the value c such that Y = cX ∼ χ2
(n), for some value n.

2. When we observe positive data values from a right-skewed distribution (e.g., dollar values)
it is sometimes the case that the logarithms of the values appear to follow an approximate
Normal distribution. This implies that our raw data values follow an approximate log-Normal
distribution. We say X follows a log-Normal(µ, σ2) distribution if Y = log(X) ∼ N(µ, σ2),
so X = eY (this works for any base, but assume we mean natural logarithm unless another
base is specified). The MGF is not defined for the log-Normal distribution, but all moments
do exist. Use the definition of the MGF for the N(µ, σ2) distribution (worked out in example
D of section 4.5 and in my class 18 notes) and properties of exponentials to find the mean
and variance for X ∼ log-Normal(µ, σ2).

3. The numbers of goals scored by the Swarthmore women’s soccer team in their n = 12 matches
this season are given below (in time order):

4, 15, 6, 3, 11, 5, 5, 2, 2, 5, 1, 3

a) Find the method of moments estimates µ̂ and σ̂ for the mean and standard deviation
of the underlying goal-scoring distribution. Recall that we do not need to specify a
particular distribution as long as we assume the observed values are independent draws
from some distribution with a mean and a variance.

b) If we assume these are iid draws from a Poisson(θ) distribution, the method of moments
and maximum likelihood estimates of θ are the same as your mean estimate in part a.
What would a Poisson model with this θ value yield as the standard deviation of the
goal totals? Compare this to your answer in part a, and explain why you might question
whether a Poisson model is appropriate for these data.

4. Suppose X is a discrete random variable with P (X = 1) = θ and P (X = 2) = 1 − θ (notice
this is not Binomial because the possible values of X are 1 and 2, not 0 and 1). Three
independent observations are made and we record the values x1 = 1, x2 = 2 and x3 = 1. Find
a method of moments (MOM) estimate for θ.



5. Suppose we carry out n independent trials, each with “success” probability θ. Let Xi = 1 if
trial i is a success, and Xi = 0 otherwise. We wish to estimate the success probability θ.

a) Show that the method of moments estimate for θ is the sample proportion θ̂ =
∑
Xi/n.

b) If n is sufficiently large, what is the approximate sampling distribution for θ̂? That is, if
we repeatedly carried out n independent trials and recorded the value θ̂ each time, what
would be the approximate distribution of these values?

c) The standard deviation of θ̂ depends on the true value of θ. With n = 400 and considering
all possible values of θ, what is the largest possible standard deviation for θ̂? Using this
maximum value, about how far from θ would θ̂ fall in all but the 5% most extreme
samples? (This gets at the idea of a “margin of error” for a “95% confidence interval”).

6. Again assume that X1, . . . , Xn are independent Binom(1, θ) random variables. Then each Xi

has probability function P (Xi = xi) = θxi(1− θ)1−xi , for xi = 0, 1.

a) Write out the joint probability function for X1, . . . , Xn. For a given value of θ, this
function gives the probabilities of various sequences of success and failure outcomes
x1, . . . , xn (each xi value is either 0 or 1). If θ is treated as unknown and the values
x1, . . . , xn are observed (and hence known) then this is the likelihood function L(θ). Also
write out the log-likelihood function l(θ) = log(L(θ)).

b) For n = 3 and x1 = x2 = x3 = 1, sketch the Likelihood function L(θ). How much
more “likely” is the value θ = 1 than the value θ = 1/2? That is, what is the ratio of
the likelihood values (the probabilities of the observed set of data values) for these two
possible values of θ?

c) Show that L(θ) is maximized for θ = θ̂, where θ̂ =
∑
xi/n is the sample proportion.

This shows that the maximum likelihood estimate (MLE) for θ agrees with the method
of moments (MOM) estimate. Note: for observed values x1, . . . , xn, the MLE and MOM
estimates are numbers. Before observing values for the random variables X1, . . . , Xn, we
treat θ̂ =

∑
Xi/n as a random variable.

7. Imagine you know the formula for the area of a circle of radius r is πr2, but you don’t recall the
value of π. You have access to a uniform random number generator and can easily generate n
independent coordinate pairs from a Uniform(−1, 1) distribution. For the ith such coordinate
pair, let Xi = 1 if the corresponding point falls inside the unit circle, and Xi = 0 otherwise.

a) Explain why the Xi’s are iid Binomial(1, p) draws, and give the value of the success
probability p in terms of the “unknown” parameter π.

b) Find a method of moments estimate π̂ in terms of the sample proportion p̂ (the average
of the Xi’s).

c) Give the CLT Normal approximation to the sampling distribution of π̂ if n = 10000.
Find the approximate probability your estimate will be correct to two decimal places
(i.e., π̂ between 3.135 and 3.145).



8. Suppose X1, . . . , Xn are independent draws from the Exp(λ) distribution: fx(xi) = λe−λxi

for xi > 0, and E(Xi) = 1/λ.

a) Write out the joint density function, which is also the likelihood function L(λ) if the
values x1, . . . , xn are observed and λ is treated as unknown. Sketch L(λ) for n = 3 if we
observe x1 = 0.5, x2 = 2 and x3 = 3.5.

b) Find the MLE for λ (both in general, and for the n = 3 example in part a).

c) Find a method of moments estimate for λ (both in general, and for the n = 3 example
in part a).

9. Suppose we observe independent random variables X1, . . . , Xn from a distribution with pdf
fx(xi) = exp(−|xi|/σ)/(2σ) for σ > 0. This is called a double (or ‘reflected”) Exponential
distribution, because the pdf tails off like an Exponential density as xi values become more
positive or more negative.

a) Find a method of moments estimate for the parameter σ. Recall that we need a moment
E(Xk) that is a function of σ, and we want to use the smallest possible k (k = 1, 2, . . .).

b) Write out the log-likelihood function l(σ) and find the MLE for σ.

10. This problem is inspired by the famous “German Tank Problem” (see Wikipedia) where
the numbers of tanks in use in WWII were estimated based on the serial numbers found on
captured tanks. Suppose a company manufactures certain objects and has printed a sequential
serial number on the objects, starting with 1 and ending with N , where N is the number of
objects that have been manufactured. One object has been selected at random, and the serial
number observed. Assume the observed serial number X is a draw from a discrete Uniform
distribution: P (X = x) = 1/N , for x = 1, . . . , N . Find a method of moments estimate and
the maximum likelihood estimate for N if the observed serial number is 888.


